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In  a  previoua  paper  (Ref.  1)  a  formula  vas  derived  for  the  greatest 
lower  bound  of  the  variance  of  unbiased  estimates  of  the  time  delay  between 
traasaisaion  and  reception  of  a  waveform,  when  the  received  waveform  is 
observed  in  a  background  of  additive  white  Gaussian  noise. 

The  present  paper  evaluates  this  expression  approxiioately  for  a  class 
of  wave  forms. 
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In  Ref.  1,  the  foUovlng  problem  (among  others)  viia  discvissed:  let 
F(t )  be  a  real -valued  function  defined  over  -  oo  <  t  <  ;  let  the 

'received  vavefora'  be 

v(t)  =  oC  Tit  ~'C)  +  n(t)  (1) 

o 


Tdiere  cC^  is  a  known  real  positive  number;  T  is  an  unknown  real  number 
belcfflging  to  a  certain  a-priori  interval  [a,b]  ;  and  n(t)  is  white 


Geusalan  noise  with  spectral  density  N^.» 

2 

Let  a  ,,  (t  )  denote  the  greatest  lower  bound  for  the  variance  of 
gib  '  o 

unbiased  estimates  of  ,  when  the  tme  value  is  An  expression  for 

2 

0^^  was  derived  in  Ref.  1  (under  certain  conditions);  the  result  was  as 
follows : 

Let 


R  = 


2flC 
_ c 

N 


F  (t)  dt 


(2) 


-  at 


.oa 


F(t)  F(t+%)  dt 


f(X) 


- 


(?) 


F  (t)  dt 


(where  exp( 


L(t:)  =  exp  j^R  ^(T)]  -  1 

)  is  the  exponential  function) 


(^) 


*  See  Ref.  1  for  a  more  precise  mathematical  formulation. 
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09 

^(u)  =  J“ i  LCt)  dt 


(5) 


-  to 


Hien  for  sufficiently  large  R,  and  for  (7^  -  a)  and  (b 
sufficiently  large, 

OO  5 

I 


V 


<^gib  ^  h 


-R  /  ^  (u) 

^  (u) 


du 


(6) 


^  CO 


The  purpose  of  the  present  paper  is  to  derive  apprccdinate  e:q)reB8ion8 
for  the  integrsd  occurring  on  the  right  side  of  Eq.  6,  for  a  large  class 
of  functions  p('C).  results  vill  correspond  closely  with  ones  intuitive 

e3q>8Ctation6 . 

The  following  cases  vill  be  treated: 

Case  A 


p(t)  3  fix)  cos  CO  X 


(7) 


with 


piX)  1  -  "I 


(8) 


where  the  rensainder  in  the  ejq>ausion  of  p{x)  is  sufficiently  wmft-T  i  near 

T  o  0. 


Case  B 


p(X)  B  pit)  cos  CO^T 


(9) 


with 


fix)  ^  1  /Ixl  +  .  .  ,  ^ 


(10) 


P-i221 

n-23-57 

3 


vhsre  the  rcasalnder  in  the  e3q>an0lon  of  p(x)  is  sufficiently  sroall  near 

T  =  0. 

We  viU  first  evaluate  the  resxilts  for  lo  =0.  For  Case  co  =  0, 


L(t) 


R 

9  exp 


1  2  2 


-  1 


For  sufficiently  lajrge  R, 


iJ^’Cu)  ix  e' 


2Tr 
R  (3^ 


exp 


-u 


2  1 


.23 


and 


00 


-R  /X*  (u) 


2ir 


of  (u) 


du  ^ 


/3^R 


—  00 


For  Case  B,  w  ~  0, 
’  o  ' 


L(X) 


R  -RriXl  - 
e  e  -  1 


For  sufficiently  large  R, 


^(u) 


2  RV 


2  „2  ^2 
u  4  R  y 


and 


-R  /  r  (u) 


e _ 

2TT 


oif(u) 


du 


2  2 
2  R  y 


—  i© 


(11) 


(12) 


(13) 


(14) 


(15) 


(16) 
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For  i:  0,  ve  proceed  as  foUows  (aasusiing  throughoxrt  that  R  >>l): 


exp 


r  _  -j  (  R^t) 

iu>-t  -i  lo  t” 

O  /\ 

\ 

1r  pit)  COS  =  exp  4  2 

w 

a  +  0 

> 

(17) 


Q.Q-09  L  J 


in  t 
o 


where  I  is  the  aodifled  Bessel  function  of  the  first  kind  of  order  n 
n 


Now,  let 


I^(%)  , 


n  0 


(2) 


(18) 


=  I  (x)  -  1,  n  c  0 

0 


.(2) 


Then,  as  is  well  known  , 

-'Tt 


*  1 

I  (x)  .  ^ 

n  tT 


|exp  ^x  COB  ©j  ” 


cos  n0  d0 


(19) 


Also,  by  (17), 


—  ~ 
L(t)  «  exp  R  p(t)  cos  co^t 


OO 


-  1  ■=  S  <  |_Rp'‘’] 

-  00 


in  CO  t 

e  °  (20) 


Therefore 

«»i^*(u) 


OC 


|exp  I^R  pit)  cos  -  ij- 


dt  (21) 


—  CO 


00 

r  . 


-1  it(n  co  -  u) 


dt 


-  Oo 
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3 


coe6 


it(n  ui 
-  o 

cos  nS  e 


u) 

d9  dt 


it(a  (jj  -  u) 

°  dt  de 


3 


TT 

r  cos  n  6 


•o 


«xp 


J 

o 


j 

-  to 


cos  0 


cos 


n  lx) 


dt  dS 


Case  A:  -  1  -(l/2)gV 

l^xp  p(t)  cose] 


J 

-  « 


(V2) 


09 


2  exp 

R  cos  0 (1  -  5  t^)] 

cos  1 

(n  -  u) t  dt 

L.  0 

(for  cos©  > 

J 

O 


R  coa6 


2  ' 

-(n  uj  -  u) 

/ 

exp 

o 

2  ^ 

2 

'  R  |9  COS0 

2  R  COB  Q  J 

(for  cos  Q  >  0) 


In  (21),  we  may  neglect  the  contribution  to  the  integral  for  values 
of  0  such  that  cos  0  is  negative.  Thus, 


0) 


^(u) 


Tf 


- 

1 

-(n  lx)  -  u)^ 

1 

7  cos  n©  exp 

0 

-.2 

J 

-00 

2  R  ^  COB  0 

{2}) 


Rcos© 

e _ 

^cosQ 


0 


Because  of  the  e 
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R  cos  0 


term  in  the  integral,  ve  may  aesxime  that  for 


R  >>  1,  only  the  portion  of  the  integral  near  0  *  o  is  significant.  Using 


1  2 

cos  0  ~  1  -  2  ®  ^  ve  arrive  at 


£(u)  % 


R 


1  oo 

E 


-00 


-(n  CO  -  u) 


2  n 


(24) 


OO 


cos  n  0  exp 


J 

0 


(u  -  n  CO  )' 
_ 0 

4  R3  ^ 


u  6 


For  each  n,  ve  may  neglect  the  term 


(u  -  n  u>Y 


4  R  3^ 


in  the  exponential 
such 


function  in  the  integral  in  Eq,.  (24);  this  is  true  because,  if  u  is 

(“  -  >  a  ..  (u  -  ) 


that 


c;  I  ,  then 


4R3  2R3 

oxitside  of  the  integral  in  Eq.  (24)  is  ~  a””. 


s  R,  so  that  the  exponential 


^(u) 


Thus,  carrying  out  the  integration, 
R 


e_ 

Ri 


£ 


«•  00 


2  R3 


2/  ,2  -2>  ,  2 
n  ( “c)  +  9  )  -  2un  +  u 

o  c 


(25) 


OC 


-  00 


R 

r  ,  2  2 

CO  +  3 

r  u  CO  -1 

0 

2' 

r  2  1 

e 

exp  - 

0 

'exp 

-u 

R(3 

2  R3^ 

^  ~  2  2 

L  *  a  J 

o  ^ 

> 

2RC  +  3^) 

L  O  J 

We  will  now  also  assinne  that  >>  i  I  then 

o  I  ’ 


(26) 
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We  must  nov  diatinguish  tvo  regions, 


Region  a: 


>>  1 


2R  6' 


Region  b: 


<;  <  1 


2R  0 


(Always  subject  to  R  >  >  1. ) 

In  Region  a,  oCCu)  can  be  written  as 

cif(u)  =  |-^  exp  2  (u) 

2RM^  ..CO 
I.  o  J 


wb-re 


4(u) 


2R  f3 


2-  (n 

■,2  uj. 


and,  approximately, 


of  (u)  ciC  (u)  ~  0  for  m  ^  n 

n  IB 


Also 


(u) 

<^(u) 


-  CO  |_  2R,  ^ 


-(u  -  n  *>  )' 


(u  -  n  ui  )' 


2u(u  -  n  )  2 

- - - - -  +  Vj- 

^  o  o  J 


(30) 


Now  consider  the  integral  from  -  «  to  oo  of  the  n  term  in  the  sxan 


in  gq.  (30): 


r  2 

-u 

2R  u)‘ 


-(u  -  n  uj  )‘ 
o 

2R 


(u-  a  LO^)‘ 

X  - - ^ 


2u(u-  n  u>  )  2 

o  u  , 

+  - ^ - 2 -  “TIT 
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So  that,  finally,  in  Region  a,  and  aasumiiig  uJ  >7  0, 


00 


-  CO 


(55) 


Con^aring  vlth  Sq.  (l3),  ve  see  that  this  is  precisely  the  inherent  error 
variance  associated  vith  the  enveloi)e  p  ("c). 

In  Region  b,  ve  may  evaluate  ^(u)  from  Eq.  (26)  as  follows:  the 
sum  in  4!q.  (26)  may  be  replaced  by  an  integral,  giving 
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OO 

i: 

-Co 


exp 


-bj 


2R  /3‘ 


(n  - 


exp 


u 

u) 


2 

-to 

2  - 

V 

0 

\  j  O  IT 

2R 

uV 

"  i-JoJ 

f 

“ 

R 

*  \ 

exp 

2 

-u 

/  R 

0 

2R  to^ 

L  0  J 

(3^) 


(35) 


It  Is  then  easily  determined  that,  in  Region  b, 


gib 


2'rr 


^  (u) 


R  CJ- 


—  00 


(36) 


These  results  can  be  interpreted  as  follows:  in  Region  a,  the 

minimum  error  variance  i«  that  aAsociated  vith  the  envelope  piz);  in 

Region  b,  it  is  that  associated  with  a  sinusoidal  fine  structure  of 

frequency  co  .  The  transition  occurs  at  - - ^  1;  that  is,  when  the 

°  2R 

minimum  error  standard  deviation  associated  with  the  envelope  becomes 
roughly  equal  to  the  wavelength  of  the  fine  structure. 

Case  B:  p(T)  c;  1  -  y  1x1 

We  will  assume  throughout  that  >  >  Y.  Starting  from  Eq.  (21) 

and  following  a  line  similar  to  Eq's  (22)  -  (26),  we  obtain 

00  -  — .  r-  .  ,  -1  -1 


<^(u) 


e _ 

RV 


2 

TTR 


—  CD 


exp 


r  21 

(n  ui  -  n  \  2  ' 

1  .  °  ) 

L2R  . 

^  V  R  y  /  . 

(37) 


Region  a 


We  must  now  distinguish  three  regions: 


RV 


>>  1 
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1  **^0 

Region  b  -jzr  <  <  r7  ^ 


1  .  ^  ‘*'0 


In  Region  a, 


X!  (u)  ^  4e^  fX 

if(u)  ~  R5y5  V^R 


og 


-  ^i_ 

^  2rV 


and  replacing  the  sm  hy  an  Integral, 


(nu)  -  uV 
0 


r  fnui  -  u  \  2  7' 

J 


E  e.  [# 


— R 

^  * _ 

~  ZTf 


Z  (n) 
^f(u) 


du  ct 


2R^ 


(58) 


(39) 


(40) 


GvJ5»arijag  vlth  Eq.  (l6),  ve  see  that  this  la  jnat  the  mlninxuax  error 
variance  aasoclated  vlth  the  envelope  p(r). 


In  Region  h, 

^(u)  -  \f^ 


vtj  -  u  \2 
o  ] 


(41) 


*1.  /-L. 

Ry  V  TTR 


r  2  1 

-u 

exp  - j 

2R  u)^ 

'•  oJ 


vu»  -  u 
o 


2R  u)‘ 
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(42) 


This  is  Just  the  minifflum  error  v«a*iance  associated  vith  a  sinusoidal 
fine  structure  of  frequency  hut  neglecting  the  fact  that  vhen  p 
is  as  in  Case  B,  the  fine  structure  of  p  has  non-zero  slope  at  the  origin. 


In  Region  c. 

oo 

r 

r 

rvwo  -  u  i 

2  1 

'  21 

~  e_  /-,1_ 

oLU;  RV  JirR 

1 

0 

RY 

{  exp  1 

li- 

dY  (45) 

J  ' 

L 

J 

L  J 

-03 


dv 


(44) 


This  is  the  same  as  in  Region  a,  and  reflects  the  fact  that  the  slope 
of  p,  sufficiently  near  the  origin,  is  the  same  as  the  slope  of  p. 

It  appears  that  it  would  be  possible  to  carry  out  much  the  same  sort 
of  analysis  for  p(x)  of  the  form 


p(T)  = 


P^(t)  cos 


(-5) 


p^('t)  and  P2('C)  can  be  expanded  in  a  suitable  manner  at  the  origin, 
this  would  appear,  however,  to  be  much  more  tedious  and  complicated. 
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